
ien Kg and the s 
node, as s= 1 ) 
. Is of any S}~~: 

(5.1) in that it 
fness constant:; 
) the two-inde.~ 
-s~b; ll--q 
5,12= 21 ~ 6.) 
nes (O,m,n) are 
r antimony and 

(A7) 

(A8) 

(A9) 

.7513, 0.6599), 
and (0, 0.7696, 

for bismuth j 

(AlO) 

1112c14 

auAau). (A12) 

the (0, -1/v'1, 
) by replacing 
11 with 12, 13, 
'ectors are A 13 

14= (0, 0.5060, 
),8421, 0.5393), 

to be expected 
le mirror sym­
leviation angle 

ing individuals 
)h Trivissonno, 
,etting up the . 
. on techniques 
Ian J. Strauss, 
ing for spark 
j the cutlin"' ; 
.ce in checking 
,veen cleavage 

! 

I 
I 

leh 

WAVE PROPAGATION IN Sb AND Bi A 779 

planes; Dr. Yakov Eckstein, Argonne ~ ational Labo­
ratory, for general discussions, correspondence, and 
specific advice to make certain that the senses of" the 
axes we used are the same as his; Arthur Ballato, 
USAEL, for general discussions; and Dr. D. I. Bolef, 
Washington University, and Dr. H. B. Huntington, 
Rensselaer Polytechnic Institute, for general comments. 

We also owe thanks to Dr. L. ]. Teutonico, Republic 
Aviation Corporation, and Dr. P . C. Waterman, AVCO 

Research Laboratory, for discussions on pure-mode and 
energy-flu.x directions in trigonal crystals; and Dr. Rudolf 
Bechmann and Dr. Erich Hafner, USAEL, for a critical 
review of the final manuscript, for stimulating and 
encouraging discussions on elastic-wave propagation. 

Support of USAEL'S Institute for Exploratory 
Research and Solid State and Frequency Control 
Division, in the persons of Dr. H. H. Kedesdy, I. N. 
Greenberg, and F. A. Brand is indicated. 

PHYSICAL REVIEW VOLUME 138, NUMBER 3A 3 MAY 1965 

Critical Properties of the Heisenberg Ferromagnet with Higher 
Neighbor Interactions (S =j) 
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The method of exact power-series e~.-pansions has been extended to include both nearest-neighbor and 
next-nearest-neighbor interactions in the Heisenberg model. The series expansions for the susceptibility in 
zero magnetic field and the free energy in zero magnetic field have been derived to the fifth power in re­
ciprocal temperature for the simple cubic, body-centered cubic, and face-centered cubic lattices. For the 
special case when aU interactions are equal (equivalent-neighbor model), an additional term has been ob­
tained in these e:-;pansions, For purposes of discussing the susceptibility and magnetic specific heat, the 
series expansions have been derived for lattices in which third-neig,hbor interactions are included, but only 
for the equh'alent-neighbor model. Estimates of critical points are given, and the Pade-approximant method 
is used to study the dependence of the critical properties (temperature, energy, and entropy) on the relative 
strength of the first- and second-neighbor interactions. It is found that the variation in the critical point is 
well represented by 

Te(a) = T e(O)[l+mla], 

where a=J2/JI and lies in the range 0 ~a ~ 1, and Te(O) is the critical temperature of the nearest-neighbor 
model. The values of l1l1 are 0.76, 0.99, and 2.74 for the fcc, bee, and sc lattices respect.ively. Both the second- : 
neighbor model and the equivalent-neighbor model are used to investigate the behavior of Xo for values of 
T near Te. It is found that all the coefficients in the magnetic-specific-heat series expansion are positive for 
the equivalent-neighbor model, and that for lattices with large coordination numbers, reliable estimates of 
the critical point may be obtained using this function. 

I. INTRODUCTION 

M UCH previous work has been done on the critical 
behavior of the Heisenberg model of a ferro­

magnet when it is assumed that exchange interactions 
(-2JS i o Sj) exist only between nearest-neighbor spins 
on the lattice. The most powerful theoretical approach 
towards obtaining estimates of critical constants is 
that introduced by Kramers and Opechowski.l In this 
method exact series expansions in ascending powers of 
reciprocal temperature are derived for the partition 
function and related thermodynamic functions for 
various lattice structures. In recent years much work 

1 H. A. Kramers, Corumun. Kamerlingh Onnes Lab. Lciden, 
St:.ppl. No. 83. W. Opechowski, Physica 4, 181 (1937); 6, 1112 
(1939). 

has been done in extending the series expansions for 
the zero field susceptibility Xo and magnetic specific 
heat Cv to a high degree of approximation.2 For the 
case where the spin variable S may take an arbitrary 
value the most extensive calculations have been per­
formed by Rushbrooke and 'Vood.3 These authors 
obtained the first six coefficients in the susceptibility 
series, and the first five coefficients in the magnetic 
specific-heat series. Recently a more powerful method 
of deriving these coefficients has been developed by 

2 V. Zehler, Z. Naturfc. sch. A5, 344 (1950). H. A. Brown and 
J. M. Luttinger, Phys. Rev. 100, 685 (1955). M . F. Sykes, thesis, 
Oxford, 1956 (unpubl ished). C. Domb and M. F. Sykes, Proc. 
Phys. Soc, (London) B69, 486 (1956), 

3 G. S, Rushbrooke and P . J. \rood, Proc. Ph),s. Soc. (London) 
A6S, 1161 (1955); MoL Phys. 1,257 (1958). 


